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1. INTRODUCTION

Let G X R? be a simply connected region surrounded by a curve
L(8) = {x(s), y(PeCHO <s < 1), 0 <a< 1 In G we consider the
first order system,

2r+1 27+1
Z (a,-jumj + bl-,-u,,") —i" Z C,;juj ”‘I‘ dz = O, i= 1, 2,..., 2r + 1, (1.1)
=1 =1

with 2r 4+ 1 unknowns #’ in the two independent variables x, y. The coeffi-
cients are real with

ai; , by(x, y) € CHG); cij » di(x, ¥) € C(G);

1.2

det(a;;) = 0in G.

The type of (1.1) is determined by the roots of
det(pa;; — by) = 0, (1.3)
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106 GILBERT AND SCHNEIDER

and we assume that (1.3) has

2r nonreal solutions: ,u,,(}) = yi(x, ¥) + i8:(x, »),

2 =y, 1) + i ), k=1,2.,1,

and one real solution p'® = A(x, y).

From (1.2) we have y;, 8;, A C,Y(G). (1.1) is a composite system of 2r
elliptic and one hyperbolic equation, and for r = 1 we get the system of
Vidic [8]. The real characteristics of (1.1) in G are given by the solutions of
the ordinary differential equations

d. d
SCENE D), =M, MEAE = (14

with dy/dx = A(x, y). We shall suppose that these characteristics intersect
the boundary 0G in exactly two points with the exception of two curves,
each of which touches 6G in only one point, either {(s;) or {s(sy). Let
0G; 1= {lg(s) | 5; < s <55} and let 8G, be its complement in G, i.e.,
oG = oG, Y G, .

According to A. Douglis [3] we can consider the 2r elliptic equations in
the normal form

Up, — Yo, + potly + qovo + hy = 0,

U, + 0o, -+ Follp 1 SoUp + &o = 0,

Uy,

%

E
— v, + atp,, + buk-—lv + Z (Pt + qoid) + b =0, (L.5)
1=0

k
Uy, + vy, + avpy, + bvk—l,, + 2 (e + sip—t) + g = 0,
=0
k=12,...,r—1,
where 4, g, depend on u?+! and the functions d; of (1.1).! Introducing
complex coordinates z = x + iy, Z = x — iy and
Wy 1= uy + vy, k=0,1,.,r—1,
w = y¥rt; the vectors a := (o, O yeurs %p_q)7, (1.6)
W= (Wp, Wy yeee, Wp_y)7; and v, 6 real functions,

1 Without loss of generality we can assume that the first 2r equations in (1.1) in the
functions u,..., u® are elliptic.
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the system (1.1) can be written in a brief form by using a hypercomplex
algebra 7 and hypercomplex functions in 7:

r—1
we=Y ewy, e =0;
k=0

however, for purposes of exposition we consider a somewhat simpler form
having the same principal part, namely?

Dw -+ Aw -+ Bw + Cw + 8 = 0,

.n
w, + Re(a* w) + yw 4~ 6 =0,

with

Dw = ((,% + q(2) _88?) w. (1.8)

q(z) = Yioa eg:(2) is a nilpotent function; 4, B, C, f ¢ C(G) are known
hypercomplex functions; «, y, § € C,(G) are known and w, means the direc-
tional derivation of w in the direction A = (A, , A,)) € C,X(G) given by (1.4).

2. A SYSTEM OF INTEGRAL EQUATIONS

The first equation of (1.7) is of the form

ow _

820 = —agw, — beWy — cow — 8y =: LH(w, w)

ow k1 ow; E —

7 = L Qi — L @i+ b)) — o — 8, =1 LW, w)
i=0 =0

k=1,2.,r—1 (1)

Using the general representation theorem from Haack, Wendland [6],
p. 259, Vidic 8], p. 15, we get

wiz2) =i [[ 1w, WG + 6% + Zw, IG: — Gt ]
— 5{;66 (uy(d,G" — i dG™) + i, d,,.G"f,

wiz, D) = i [[ %, )G + 6 + B, (G4 — AL, d]
—§, d,G" —1dG" + 0 diG"} k=127 — 1.

2 See also, in this regard, Bojarski [2], Kiihn [7], Gilbert and Wendland [5], Gilbert and
Hile {4], and Begehr and Gilbert [1].

640/(25/2-2
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Here we are using the notation of Haack-Wendland [6], namely G,
and GU are the Green’s function and the Neumann’s function respectively
for Laplace’s equation. The normal derivative condition for G is defined as

d,G" [ = —Zo(s) ds,

where ofs) is any continuous function on @G such that [,c o(s) ds = 0
(s is arc length) [see Haack and Wendland [6], p. 113.] The directional
derivative d,, is usually defined with respect to the coefficients of a second
order partial differential equation [6] (pp. 24-27). However, for our case
of a complex system (2.1) which is component-wise in Hilbert normal form,
we have

d,® = —i®, dz + i, d.

Introducing the hypercomplex functions

Pw, w) 1= TZ—ZI e*Z(w, w)
e .2)
w(z, 2) 1= Y ez, ), Wz, 2) 1= ) efvy(z, 2)
we get by summing
w.2) =i [| {20 )G + 6B + v, w)(Ge' — G, dl)
—gﬁ (W(d,G* — i dG™) + iv d,G". (2.3)
26

If the contour integral is known, (2.3) is a system of Fredholm integral
equations in which the function w appears as a parameter. With A = (A; , A)) €
C.}(G) given by (1.4) we introduce the Pfaffian forms
.Q = Al dx + Az dy, Q - Al dy hnd Az dx; (2.4)
then the real characteristics of (1.1) are given by £ = 0. Setting
Lor1(W, @) 1= —Re(a * W) — yo» — & (2.5)

in the second equation of (1.7) and integrating we get

2,2
w(z,2) = w(z’, Z') + f . Lyra(w, w) Q. 2.6)
a0
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Introducing the linear space C* of all continuous hypercomplex functions
G, we define the operators on C* and C,(2G), namely

9 2) = ) = i [[ (WG, + G + W(Gs' — GINdL, dl),
Fz2) = 6(9) 1= —§__ $(L D(d,G" — i d6™, @7

a0 = xw = [ Wi D e

Z »

=0

Using this notation for solutions of generalized Cauchy—Riemann equations
and the representation formulas of Haack and Wendland [6} p. 319, (13.1.2),
we have

THEOREM 1. Let the hypercomplex function w(z, zZ) € C(G) N C{G),

and the function w(z, Z) € C,(G), w, € C(G) be a solution pair of (1.7); then
these functions solve the integral equations

w = P(L(w, w)) + W) + iC,

2.8)
0 = (L1, 0)) + @',
where
r—1 r—1
o =w(z,Z), u=) ey, v=2) e,
k=0 k=0
and
1
Cy = N@v) = ———— vo ds 2.9
0 ®) $ac o(s) dsi;ao ’ 29

is a constant. Conversely each solution pair (w, w) of (2.8), (2.9) with the above
required differentiability solves the system (1.7).

3. A SpeciIAL BOUNDARY VALUE PROBLEM

Let 2G; be the part of the boundary of G defined in Sect. 1. The system
(1.7) in conjunction with the boundary conditions

Uz, z) = ¢(s) e GO0 <s < 1), z€G,
3.1
w(z, Z) = 1II(S) € Ca(‘sl < § < s2)’ zZ€ Gl s ( )
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and the norm condition

1
oo d §m vo ds = N(v) = C,, (3.2)

is called a special boundary value problem (SBVP).
We have the following

THEOREM 2. If the coefficients of (1.7)
A, B, C,0,q,y, 5cC(G), (3.3)

and the region G is sufficiently small (this condition is determined by the size
of the coefficients (3.3)), then

(@) There always exists a solution pair to the SBVP (1.7), (3.1). The
components of this pair may be represented in the form,

W:W]+KWH, w:w1+KwH. (3.4)

where the hypercomplex function w; , and the function w; are arbitrary solutions
of the nonhomogeneous problem (1.7), (3.1), and wy , wy are arbitrary non
identically vanishing solutions of the homogeneous problem (€ = 8 = ¢ =
¥ = 0); x is a real parameter. Furthermore, the solution pair of the SBVP
is unique if the norm condition is satisfied.

(b) For the solution pair (3.4), we C,(G) n CXG), and for some B,
0 < B < a, w € C; at each of the points ys(s1), yc(ss). Furthermore w € CHG)
along the curves 2 = 0 in G.

Proof. Using Theorem 1 it is sufficient to prove the existence and
uniqueness of the solution for the system of integral equations (2.8). As
in Vidi¢ [8]} we consider with fixed C, the iterative scheme

wr 1= (LW, 0" Y) + B($) + iC,,
" 1= Y(Lppn(W", @) + o' (3.5)
W = w® =0, n=1,2,..
If wo* = wr — w1, W 1= w" — w ! and Fy(:, ) is the homogeneous
part of (-, *) (® = 0in (1.7)) we have from (3.5)
wh* 1= Y(By(wr1, wn 1),

(3.6)
o™ 1= y(Re(a - W**) 4 yw™1%),
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Introducing the norm M; :== sup,ca || fll := sup,¢ 2,::, | fi | for a hyper-
complex function £, it is not difficult to show that for suitable constants
¥¢ , L , and M we have the inequalities

1w I} < KeM(@r + 1) Myrse + M),

and 3.7
™| < LeM(Q2r + 1) M s + M, 1s).

The constants M, i, and L; may be chosen as follows: Let f(z) maps G
onto the unit disk and C := max, ;¢ | f'(2)(z — O/f(2) — f({) |, then

Ke: H_m ﬂa |[cl’Z dl]

2€G z-—-gl

The constant M > max{| o |, (k = 0,...,r — 1); | ¥ |}, and L; is the length
of the longest characteristic £2 = 0 intersecting G.
Letting

= {max M ., M .},

we obtain then

M <@2r+1) MKg4, .,
and

M. < MLo((2r + 1) MK + 1) 4, .

Choosing ¢, such that 0 < ¢ < 1, and

9 9
it can be seen that the sequences {w,,}, {w,} converge uniformly to the function
pair (@, &) which solve the SBVP (1.7), (3.1). The remaining parts of the proof
including that concerning the qualitative behavior of w at the points yg(s,),
ye(s,) may be accomplished following arguments similar to that in Vidi¢ [8].

4. BOUNDARY VALUE PROBLEMS OF POSITIVE INDEX

In connection with the elliptic system (2.1) the boundary condition
u(z, 2) lse = H(s) e C,(0 < s < 1) is a special case of the boundary con-
ditions

r—1

r—1
S @+ o) | = T et
%=0 oG k=0 g

o é. 4.1
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Setting v, := a;, + ib; , (4.1) can be written as

r=1

z Re(ywy) eF = ¢. (4.2)

k=0

For fixed k&, the index of y, is given by
me = 1nd(5,) 1= 5 {arg 7(1) — arg 7(0). (43)
We consider the following boundary value problem:
Dw + Aw + Bw + Cw + 0 = 0, 4.9

w, + Re(a - W) + yw -+ 6 = 0, 4.5

r—1

3 Re(Fon) | = $eC0<s <),

k=0 G

17l =1, m=Tnd@) >02 k=01.,r—1 *O
@ log, = P(5) € C0 < 5 < D).

For fixed k each component of the elliptic system (4.4) is associated with an
adjoint equation. Following Haack and Wendland [6] (p. 306), it is clear that
for every solution pair (w, w) such that we C%G) N CYG), w e CYG),
and for each #, € CYG) N CYG), the integral relation

§ Wity dZ -+ Wiz, dZ = 2 SE Re{wyz;, dz}
or ar
=[] (Ore — @Rz, de)
= 21 {[ Im{wiler; — ayes + BoE4z; de]
k-1 aW_.,' —
+ 4 J]r Im gzk (ZB [Qk—j 7 + ap_w; + bk—a'Wa']

[dx, dy], 4.7

+ w + Sk)

holds for each Jordan domain I"'C G.
Therefore we have

3Tn the case that for some k : = (k, - k,) the indices M =M, == = 0, see
the remark after Theorem 6.
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. . —1
TueOREM 3. For every solution pair (w, ) of (44), w = Yr_o wie* €

CYG) N CYG), weCYG), and every solution =z, CYG)N CYG),
(k =0, 1,..., r — 1) of the adjoint system

0 -
% = Qo — Bo‘k > (4.8

the integral relation,

Sﬂar Re{wys;, dz} = 2 f fr Im §xk(

+ oo + )] ldx, dy) (4.9)

k-1 6 X _
Z [qk—i al; + @_w; + bk—a‘W:']

j=0

holds for each Jordan domain I' C G.

The integral relation (4.9) leads directly to a correspondence between
boundary conditions for the functions w; and #; . Assume w(z, Z) is a solution
of (4.4) with the boundary conditions

r—1

Y Re(fewi) €| =0, Ind($y) = n, > 0, k=0,1,.,r—1.
=0 oG (4.10)
Then the function w, satisfies
Im(7:wi) loc = pu(s) # 0,
and with |y, | = 1,
.1 ,
Wi loc = 1 = pr. = Iyspu(9)-
Ve
If we write dz |,¢ = €%'®) ds on the boundary we have
§ Re(w,x;, dz) =§ Re(iypprzret®®) ds
26 26
4.11)
= § pi(s) Re(iy,e%9) ds.
26
Putting
T = lyet®s 4.12)

it follows that

Ind(7;) = Ind(iy,e®®®) = —n, + 1 <0, (4.13)
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where y,(s) and 7,(s) are said to be mutually adjoint boundary conditions.
With these boundary data we have for the adjoint system (4.8) the following

THEOREM 4. ([6] p. 277) The system

2 .
2 = aya — bo (4.8)

with the boundary conditions

Re(fpzp)loc = 0, e = iye?®9,
4.14)
Ind(f) = —n, + 1 <0, k=0,1,.,r—1

has for fixed k 2n, — 1 non trivial, linearly independent continuous solutions
z;cv)’ v o= 1, 2’-"9 znk — L

With these solutions for the adjoint equation (4.8) in Theorem 4 we have
for the left side of (4.9)

Ef) Re(wyry, d2) = 95 Re(W 7y iz dz)
26 oG
= Sﬁac {Re(Frwr) Re(yuzy, dz) — Im(ywy) Im(ys;, dz)}.

By construction we know that

Im(ysr d2) loc = Im(y,ze'®®) ds = —Im(iiy,2e'®) ds
= —Im(ifjpzr) = —Re(exr) log = 0,

and
Re(yty dz) = —Re(iiypzret®®) ds = —Re(ifzy) ds
= +Im(72x) oG ds.
Setting
p’ = Im()oc » (4.15)
we have
4&86 Re(wysd dz) = gj;m bk(s) p? ds. (4.16)

Therefore, we have from (4.9) the
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THEOREM 5. A necessary condition for the existence of a unique, continuous
solution (w, w) of (4.4)—(4.6) in G is that the integral conditions

¢ H(s) po) ds
G

k—1 oW
-2 j fG Im izgp ( Eo [qk_,. a_V; + ap_w; + bk_jw,] + o + a,c)g [dx, dy]

k=0,1,.,r—1; v =1,..,2n, — 1, 4.17)

hold.
In order to prove an existence theorem for the boundary value problem

(4.4)-(4.6) we construct function sequences in the following way (see notation
(2.1)) (see remark 2 after Theorem 6):

aW(;H-l

aZ = O(M)n-'—l’ wﬂ), Re(?0w3+l)|36 = ¢0 >
4.18
e 1 .18)
oz = ='?3(:(w}n+ ’ w”)’ Re(‘)_’kw;cl-'—l)[@G = ¢k s

k=12,..,r—1;
o™l = —y(Re(a * W) + yo© + 0) + ', 0" oo = ¥

n=0,1,2,., o®*=0; (419)
where the functions

n+1 n+1 n+1 n
Wo s Wy HSeaaWe g, @, N = 0, 1,...

each fulfill the integral conditions (4.17). In order to show the convergence
of the sequences (4.19) we introduce, as in the proof of Theorem 2, the
functions

* — * —_
Wit = w," — wi o™ =" — o™ (4.20)

From (4.18) we have

aw'n+1* .
0 — n+1 ran M n*, - n41* -
oz —GyWy — by, — Guw Re(Fowy™ Noc = 0,
owptt
— n+1* —=n+1*
32 = —‘aowk — bowk
k-1 awn+1"‘
) n+41* =n+1* n*
- Z :qk—:i 57 + ap_w; + by_;W; — ™, (4.21)
FE

k= 1’ 25---3 r— 1’ RC(‘}_/',CW‘,’:-‘LI*)IaG = 0’

™ = —(Re(a - W) 4y, ol = ol
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To show the convergence of the sequences (4.19) we may again proceed as in
Vidi¢ [8], since the essential “Hilfssatz 5” in [8] p. 37 is also true for hyper-
complex functions w when the integral conditions (4.17) hold.

We have then

THEOREM 6. If for each n = 0, 1, 2,... the functions

n+1 n+1 n+1l n
Wo oy Wy ey Wep, ™y, n=0,1,2,..

of the iteration scheme (4.18) fulfills the integral conditions (4.17), then the
boundary value problem (4.4)-(4.6) has a unique solution pair (w, w) in a
sufficiently small region G. Furthermore, w € C(G) N C,MG), w € C(G) and

weCy, 0 < B < o at each of the points Ls(sy) and {s(s)). Along the curves
02 = 0 we have w € C,L.

Remark 1. 1If for some k := (k4 ,..., k,), the characteristics Ry = =
ny, = 0 we have the same result as Theorem 6. For this (k, ,..., k,) we have
neither integral conditions for the functions Wi, 5o Wi 5 TIOT the iteration
functions wi',..., wi.

Remark 2. Since it is always possible to reduce the boundary value
problem associated with each component w, to zero providing |y, | =1
(k =0,1,..,r — 1) it is clear that one may solve the “reduced” equations
(4.18) without recourse to checking whether the conditions (4.17) are
satisfied.

5. AN EXAMPLE

In this section we apply the preceding results to the investigation of higher
order, elliptic boundary value problems. In particular, we consider the Riquier
problem

A | g AV + bY, + ¥, = f, (5.1)

¥ lsc = Bo(s) € CHEG),

5.2
AY |36 = $i(s) € CH2G). ¢

Here the coefficients a, b, ¢, f€ C(G). By setting @: = AW, the equation
(5.1) is transformed into the system
40 + a® + bY¥Y, + ¥, = f,

5.3
4¥ — @ = 0. 3
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Setting vy := ¥, Uy := ¥, , v, := D, , 4, := D,, and identifying w := P
yields a system of the type (1.5), namely
Uy gy — Vgy =0
Ug,y T Voo = w
Upo— U1y =0 5.9
Uy — Vg =f — aw — bvg — cuy
W, = ;.

Upon differentiating with respect to the arc length parameter, the boundary
data may be rewritten as

dx dy 1. .
¥, + Yoy = $i9) =1 duls) on 96,
and
dy

d r
. T)sc T Oy = $1(s) =: ¢,(s) on 8G.

Setting « := dy/ds, and B := dy/ds on oG these conditions take on the form
atly + By loc = Pols) € CG),
auy + Boy s = $i(s) € C.(2G).

The initial condition for the w-unknown is

@ loe = P(5) 1= d(s) € CH(2G). (5.6)
Putting the system (5.4) into complex form yields a system of the type (2.1),
owy .
oz
ow. _
‘%1" == _ale —_ b1W0 —_— Clw —_— 81
Wy = U]_ >
where
ao=b0=80:0’ q1:03 00:%,
and
1 , 1 . [ i
ax=z(b+10), b1=“z(b—lc), =34 31=—§f-
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In the complex notation the boundary conditions for w;, become Re(§,wy) = 0
(k = 0, 1), where y, := « - if. Since

7k=a—iﬁz%—i%:——iew‘s> on &G,

it is clear that ind(y,) = 1.
The adjoint boundary value problem is then given by the system,

%;- k= ap — By =0 (k =0, 1), (5.8)

with boundary conditions,
Re(Mi) loc = 0, My = iy3e®®, (k. =0, 1). (5.9)

A simple computation shows that 7, = —1, and hence, ind(7;) =
—x -+ 1 = 0 (k = 0, 1). By Theorem (4), for each k we have then exactly
one nontrivial, continuous solution, namely z, = ix (k = 0, 1), where «
is a real constant.

We next investigate the integral conditions (4.17). For k¥ = 0, the condition
to be satisfied is

§ D) pols) ds = —K§ bols) ds = 2 f [ Imiegleow + 8) dx dy
aG oG G

_> ﬂG Im ;ifc (- %w); [dx, dy] = 0.

That the left-hand side also vanishes is seen quite easily by recalling the
periodicity of ¢,(s), namely

—x§ gols)ds = —n [ Ei(s) ds = —l () — FO)] = 0.

We check next the integral conditions for k = 1. The right-hand side of
(4.17) is seen to be

2 j fG Im{ey(awy -+ byiwy + cyoo + &)} dx dy

=2ff61m

Whereas the left-hand side is evaluated similarly as before to be

—k§ $(e)ds = —x [ i) ds = —x($i(#) — $:(0) =0.
oG oG

ix(%[bvo+cuo]+12q—w—%f)$ dx dy = 0.
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Hence, since the integral conditions of Theorem (5) are valid there exists
a unique, continuous solution of the system (5.4), (5.5), (5.6), and therefore
also of the Riquier problem (5.1), (5.2).
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